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Gasoline is a major contributor to the profit of a refinery. Scheduling gasoline-
blending operations is a critical and complex routine task involving tank allocation,
component mixing, blending, product storage, and order delivery. Optimized schedules
can maximize profit by avoiding ship demurrage, improving order delivery, minimizing
quality give-aways, avoiding costly transitions and slop generation, and reducing
inventory costs. However, the blending recipe and scheduling decisions make this
problem a nonconvex mixed-integer nonlinear program (MINLP). In this article, we
develop a slot-based MILP formulation for an integrated treatment of recipe, specifica-
tions, blending, and storage and incorporate many real-life features such as multipur-
pose product tanks, parallel nonidentical blenders, minimum run lengths, changeovers,
piecewise constant profiles for blend component qualities and feed rates, etc. To
ensure constant blending rates during a run, we develop a novel and efficient proce-
dure that solves successive MILPs instead of a nonconvex MINLP. We use 14 exam-
ples with varying sizes and features to illustrate the superiority and effectiveness of
our formulation and solution approach. The results show that our solution approach is
superior to commercial solvers (BARON and DICOPT). © 2009 American Institute of
Chemical Engineers AIChE J, 56: 441465, 2010
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Introduction

Ever-changing crude prices, deteriorating crude qualities,
fluctuating demands for products, and growing environmen-
tal concerns are squeezing the profit margins of modern oil
refineries like never before. Optimal scheduling of various
operations in a refinery offers significant opportunities for
saving costs and increasing profits. The overall refinery oper-
ations'” involve three main segments, namely crude oil stor-
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blending, mixed-integer

nonlinear programming,

age and processing, intermediate processing, and product
blending. Scheduling of crude oil operationsy5 has received
the most attention so far. However, only limited work exists
on the scheduling of product blending operations.

Gasoline is one of the most profitable products of a refin-
ery and can account for as much as 60-70% of total profit.
A refinery typically blends several gasoline cuts or fractions
from various processes to meet its customer orders of vary-
ing specifications. However, this process involves nonlinear
blending and complex combinatorics, and can easily result in
suboptimal schedules and costly quality give-aways. The
large numbers of orders, delivery dates, blenders, blend com-
ponents, tanks, quality specifications, mixing timing, product
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certification, etc. make this problem highly complex and
nonlinear. Optimal scheduling using advanced techniques of
mixed-integer programming are imperative for avoiding ship
demurrage, improving order delivery and customer satisfac-
tion, minimizing quality give-aways, reducing transitions and
slop generation, increasing productivity and asset utilization,
exploiting low-quality cuts, etc. Therefore, scheduling of
gasoline blending operations is important.

The early work focused mainly on gasoline blending plan-
ning rather than scheduling. It focused on the optimal blend-
ing of various intermediate fractions from the refinery and
some additives to meet product quality specifications and
demand requirements. Dewitt et al.® developed a decision
support system named OMEGA (optimization method for
the estimation of gasoline attributes) for gasoline blending
operations. They used detailed nonlinear models for predict-
ing gasoline attributes. Rigby et al.” improved OMEGA to a
multi-period blending model named StarBlend. Li et al.®
integrated CDU, FCC, and product blending models into re-
finery planning and used a linear correlation for octane num-
ber (ON) prediction in gasoline blending and a nonlinear
correlation for pour point prediction in diesel blending.
Some commercial tools such as Aspen Blend, Aspen PIMS-
MBO, Aspen’s ORION, and Honeywell’s BLEND are also
restricted to product-blending planning problems and do not
involve detailed scheduling decisions.

For scheduling product-blending operations, Pinto et al.'
developed an MILP model for scheduling refinery production
involving blending operations. Although they considered
transitions in blending pipelines, they did not ensure constant
blending rates and did not enforce minimum run lengths® for
blend runs. In addition, they used linear blending correla-
tions for key elements, whereas did not handle most nonlin-
ear product properties such as sulfur. Joly and Pinto'® also
developed an MINLP formulation for scheduling fuel oil/
asphalt production. This also involved blending operations,
but they made the same assumptions as Pinto et al.'

Glismann and Gruhn'' developed a two-level decomposi-
tion approach to integrate short-term scheduling with blend
recipe optimization. They first solve a nonlinear programming
(NLP) problem to obtain product recipes and quantities, and
then use mixed-integer linear programming (MILP) to obtain
a schedule for the blending operation for the fixed product rec-
ipes. Jia and Ierapetritou® proposed a continuous-time event-
based MILP formulation for scheduling gasoline blending and
distribution operations simultaneously. They allowed multi-
purpose product tanks, one product tank delivering multiple
orders, and multiple product tanks delivering one order. How-
ever, their model lacked some key operational features such as
multiple parallel nonidentical blenders, variable recipes, and
product specifications. Moreover, they allowed a blender to
feed multiple product tanks at the same time, which may not
be a normal practice. However, more importantly, their formu-
lation gives infeasible solutions, and allows a product tank to
hold several products at a time (See Appendix A for details).

Recently, Mendez et al.'* presented both discrete-time and
slot-based continuous-time models for the simultaneous opti-
mization of blending and short-term scheduling. Their model
allowed parallel identical blenders and determined optimal
blend recipes. However, they employed nonlinear correla-
tions for some product specifications, which resulted in a
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nonconvex MINLP. To solve this MINLP, they proposed an
iterative algorithm that first uses linear correlations to obtain
component volume fractions in each blend and computes the
correction factor ‘““bias” between the nonlinear and linear
estimates of product specifications. Then, the algorithm uses
this “bias” to amend the linear correlations, until all product
specifications meet their limits. Thus, their algorithm solves
linearized MILPs. However, they did not consider multipur-
pose product tanks, and did not ensure constant blend rates
or minimum run lengths.

Unlike other commercial planning tools mentioned earlier,
Honeywell’s Production Scheduler is a tool for product
blending operations. It incorporates several features such as
recipe, product quality, certification delay, filling a tank to
“full” before switching to another tank, and multipurpose
component tanks. However, it uses decomposition and heu-
ristic methods to obtain a feasible schedule and nonlinear
correlations to predict product qualities.'*">

The above literature review suggests that previous work
considered only pieces of the full gasoline-blending problem.
Furthermore, the work that did address product specifications
used nonlinear correlations, which makes the problem more
difficult. An integrated treatment of recipe, blending, and
scheduling is missing. In this article, we address most of the
drawbacks of the existing work, and develop formulations
that incorporate several real-life operation features such as
multipurpose product tanks, parallel nonidentical blenders,
constant rates during blending runs, minimum run lengths,
changeovers, linear property indices,>'® piecewise constant
profiles for blend component qualities and feed rates, etc.
We allow the blend component flow rates and qualities to be
piecewise constant over the horizon by means of a multi-pe-
riod formulation. Although the formulation is nonlinear and
nonconvex, when we enforce a constant rate during each
blending run, we develop a novel schedule-adjustment proce-
dure that solves only MILPs and no MINLP.

We begin with a detailed problem statement. Based on this
statement, we develop a single-period mathematical formula-
tion. Following that, we propose a novel procedure that
addresses the nonlinearity arising from forcing constant
blending rates. Then, we extend the single-period formulation
to the multi-period scenario. Next, we illustrate our proposed
schedule adjustment procedure with a small example, and
evaluate our model and procedure with 13 additional exam-
ples. Lastly, we compare our procedure with commercial
MINLP solvers (DICOPT/GAMS'” and BARON/GAMS').

Problem Statement

Consider a gasoline-blending unit (GBU) in a typical re-
finery (Figure 1). It employs / component tanks (i = 1,
2, ..., ), B blenders (b =1, 2, ..., B), J product tanks (j =
1, 2, ..., J), and some lifting ports. The GBDU uses / com-
ponents (i = 1, 2, ..., I) to make P possible products (p =
1, 2, ..., P). These components are gasoline fractions from
various processes in a refinery such as CDU (crude distilla-
tion unit), FCCU (fluid catalytic cracking unit), FCRU (fluid
catalytic reforming unit), AKU (alkanisation unit), IFU (iso-
forming unit), CHU (catalytic hydrogenation unit), ARU
(aromatization unit), and various additives such as MTBE
(methyl tert-butyl ether) and butane to enhance octane rating
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Figure 1. Schematic of gasoline blending operation.
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[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

or act as corrosion inhibitors or lubricators. Thus, different
grades of gasoline contain different components. Each com-
ponent has a pre-fixed, distinct, and known quality or speci-
fication, and component i is stored in its own dedicated com-
ponent tank i. Note that even if several component tanks
store one component, then we can treat them as one tank
with no loss of generality. At time zero, it has O orders (o
=1, 2, ..., O) to fulfill during the coming scheduling hori-
zon [0, H]. Each order o has a time window [DD%, DDV]
for delivery. An order may involve multiple products, but
we assume with no loss of generality that each involves a
single product, as each multi-product order can be broken
into several single-product orders. Any delivery after DD(‘)J
incurs a demurrage cost (DM,).

The quality of blend components is specified in terms of
various property indices such as RBN (Research octane
number index), RVI (Reid vapor pressure index), etc. The
flow profiles over time of various blend components into re-
spective component tanks are known a priori. The blend
components from various component tanks are fed to the
blenders in some proportions to make various products of
desired quality at various times. The blenders are semi-con-
tinuous units that process products one at a time. The
blended products from these units flow to assigned product
tanks that may hold different products over time. The prod-
ucts from product tanks are loaded into vehicles or ships at
appropriate times for the delivery of various orders.

The operation of this typical GBDU involves decisions
such as recipe determination, allocation of component tanks
to blenders, assignment of product tanks to products over
time, and scheduling of blending, transfer, and delivery oper-
ations. With this, the gasoline-blending problem addressed in
this article can be stated as:

Given:

1. A scheduling horizon [0, H].

2. I components and their property indices.

3. I component tanks, their initial inventories, limits on
their holdups, flow profiles of feeds into the tanks, and limits
on the flows out of the tanks.

AIChE Journal February 2010 Vol. 56, No. 2

Published on behalf of the AIChE

4. P products and specification limits on their property
indices.

5. B blenders, the products that each blender can process,
lower limits on the blend times of these products, and limits
on their blending rates.

6. Product tanks, the products that each tank can store,
limits on their holdups, the products and holdups at time
zero, and delivery (lifting) rates for various products.

7. O orders, their constituent products, amounts, and
delivery time windows.

8. Component costs, transition costs in blenders and
product tanks, and demurrage costs for orders.

Determine:

1. The blenders that each component tank should feed
over time, and the feed flow rates.

2. The products that each blender should produce over
time, and the blending rates.

3. The products that each product tank should receive
over time from various blenders, and the corresponding
transfer rates.

4. The orders that each product tank should deliver over
time, and their amounts.

5. The inventory profiles of various tanks (component
and product).

Allowing:

1. A component tank may feed multiple blenders, and a
blender may receive from multiple component tanks at the
same time.

2. A blender may feed multiple product tanks during the
scheduling horizon.

3. A product tank may deliver multiple orders at the
same time.

4. Multiple tanks may deliver an order at the same time.

Subject to the operating rules:

1. A blender can process at most one product at any time.
Once it begins processing a product, it must operate for some
minimum time, before it can switch to another product.

2. A blender can feed at most one product tank at any
time. In addition to being the industry practice, this helps
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Figure 2. Schematic of slot design.

to decrease the number of tanks in use and increase their
utilization.

3. A product tank cannot receive and deliver a product
simultaneously. This is because some additional mixing time
and/or product certification may usually be necessary after a
product tank receives a product from blenders.

Assuming:

1. Flow rate profile of each component from the
upstream process is piecewise constant.

2. Component inventories are sufficient for blending
through the entire scheduling horizon.

3. Mixing in each blender is perfect.

4. Changeover times between products are negligible for
both blenders and product tanks.

5. Each order involves only one product. As discussed
earlier, each multi-product order can be decomposed into
several single-product orders.

6. Each order is completed during the scheduling horizon.

7. The qualities of products in product tanks at time zero
satisfy desired specs.

8. Time for mixing in product tanks is zero.

9. No additional time is required for product certification.
This will be the case, when the certification begins suffi-
ciently in advance during the blending process so that no
delay is required between the receipt into and delivery from
a product tank.

We now develop a MILP formulation for the above prob-
lem. However, for the sake of simplicity, we first consider the
simplest scenario in which the flow rates of all components
are constant over the entire scheduling horizon. This is also
what most existing work assumes. In addition, most existing
work considers a single or multiple identical blenders.

Single-Period MILP

We divide the horizon H into K (k = 1, 2, ..., K) process-
slots'® of variable lengths (SL;). K = 0 denotes the time just
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before zero time. The process-slots are common to or
synchronized across all units (tanks and blenders). Denoting
Ty as the start of the horizon and the end of slot £k = 0, and
T as the time at which slot k ends, we have
Th =Ty +SLy To=0, 0<k<K 1)

with H as the upper bound of T for all k£ > 0. Figure 2 shows
the schematic of our slot design. We assume that each new
operation (except idling) on a unit (tank or blender) begins at
the start of a slot, but may end at any time within a slot.

Throughout this article, each variable is defined with spe-
cific ranges of its indices, and each constraint, unless other-
wise indicated, is written for all valid values of the indices
of its constituent variables.

Blending and Storage

At any time, a blender must be either running or idle.
When running, it must be connected to a product tank. If
idle, then we connect it to a dummy product tank (j = 0).
Thus, we have J real product tanks (j = 1, 2, ..., J) and one
(j = 0) dummy product tank. Now, we define BJ = {(b, j) |
blender b can feed product tank j} and a binary variable (vy)

1 If blender b feeds product tank j during slot &
Vojk = .
0 Otherwise

(bj)eBJ, 0<j<J, 0<k<K
We treat vy (j = 1, 2, ..., J) as binary and vy as 0-1
continuous variable.
Each blender must feed exactly one product tank (real or

dummy) in each slot
J
S =1 (bj)eB], 0<k<K )
j=0
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Let Gy be the volume that blender b feeds product tank ;j
during slot k. If blender b does not feed tank j during slot £,
then G, must be zero

ijkSVP_,Uthk (b,j))eBI, 0<j<J, 0<k<K (3)

where, VPV is the maximum capacity of tank j.

To model the holdup in product tanks, we define PJ =
{(p, ) | product tank j can hold product p} and one binary
variable (u;,;) as follows:

1 If product tank j holds product p during slot £
Ujpi =
ok 0 Otherwise

(p.j)€P], 0<j<J, 0<k<K

Note that u;,, = 1 allows tank j to have a zero holdup of
p during k. This saves us a variable for modeling the state of
an empty tank. Thus, each tank must hold exactly one prod-

uct in each slot
P
=1 (pj)ePI, 0<j<J, 0<k<K (4
p=1

Note that u;,, must have an appropriate value based on what
was inside tank j before time zero. To model product transi-
tions in product tank j, we define a 0—1 continuous variable ue;;

1 If tank j switches products

uejy = at the end of slot k 0<j<J, 0<k<K
0 Otherwise

uej > wipk — 1y  (poj) €EPI, 0<k <K, 0<j<J

(5a)

uejkzujp(k-%—l)_ujpk (pv./)eP-Iy ng<K7 O<JSJ

(5b)

We need not force ue;, = 0, as we will impose a penalty
for product changeovers in the objective. Now, a product
transition cannot occur, unless the tank holdup (VPjy, 0 <
VP < VPJU) at the end of slot k is zero. Thus,

To model the blending operation, we define BP = {(b, p) |
blender b can process product p}, and the following 0—1 con-
tinuous variables

P 1 If blender b processes product p during slot &
k= 0  Otherwise

(b,p) €BP, 0<k<K
1 If blender b ends the current
Xep = product run during slot & 0<k<K

0 Otherwise

We now relate Xppk, Ujpk, and vy to force xpp to be bi-
nary. First, if blender b is feeding a real tank j and that tank
is holding product p during slot &, then b must be processing
p in slot k

AIChE Journal February 2010 Vol. 56, No. 2

Published on behalf of the AIChE

Xbpk > Ujpk + Vhjk — 1 (b,p) S BP,
(b,j) €BI,(p,j)€P], 0<j<J, 0<k<K (7a)

Similarly, if b is processing p and feeding j during slot &,
then j must hold p during k.

Ujpk thpk +thk -1 (bap) € BP’ (b7j) GBJ,
(p.j)EPI, 0<j<J, 0<k<K (7b)

Note that Eq. 7 are not written for p that j cannot store,
i.e. (p, j) € PJ. For such products, we write

X+ vk <1 (b,p) € BP,
2Pl
(b,j)eBJ, 0<j<J, 0<k<K (8a)
> X+ <1 (b,p) €BP,
p¢PJ
(b,j)eBJ, 0<j<J, 0<k<K (8b)

If a blender is not idle, then it must process exactly one
product. In other words,

P
bepk +vox =1 (b,p)€BP, 0<k<K (9
p=1

Equations 2, 4, 7, and 9 make x;,; binary (Proof in Ap-
pendix B). Note that we must assign proper values for xp
based on the product that blender b was processing before
time zero.

Using x,x, We compute xe,; as follows. If a blender proc-
esses the same product in two consecutive slots (k and k +
1), then the current blend run cannot end at slot &, and vice
versa. In other words,

xepk + Xppk + Xppkp1) <2 (b,p) €BP, 0 <k <K (10)

On the contrary, if a product does not continue in the next
slot, then its run must end at slot &
(b,p) eBP, 0<k<K

Xepk 2 Xppk = Xpp(k-+1) (11a)

Xepe > Xpp(ks1) — Xppk (b,p) €BP, 0<k <K (l1b)

Next, we define RL,, as the length of the current run of
blender b at the end of slot £, if the run does not end during
slot k, and zero otherwise. In other words,

Current run length  If the current run of blender

RL,, = b does not end during slot k
0 Otherwise
1<b<B, 0<k<K

Thus, RL;q = 0, if a run has ended at time zero, otherwise it is
the current run length at time zero. To compute RL,,, we write

DOI 10.1002/aic 445



RL,; < RLb(kfl) + SL 0<k<K (12)

RLy < H(1 — xep) 0<k<K (13)
Then, to ensure a minimum length (RL,%p) for each blend
run, we demand

P
RL;,(k 1) + SL; + RLh l - xehk Z thxhpk
p=1

(b,p) €BP, 0<k<K (14
where, RL,]; = max (RL],;p>.

Blending requ’ires components. Let g;,, be the volume of
component i used by blender b during slot k. Recall that G is
the volume that blender b feeds product tank j during slot %.
Then, the volume (Q,;) processed in blender b during slot & is

!
Ok = Z dibk
P

0<k<K (15a)

Ow = Z Goji

If blender b is idle during slot &, then this volume must be
Zero

(b,j))eBJ, 0<k<K (15b)

Opre < Mp(1 — vpor)

where, M, is the most volume that blender » can process
during a slot. There are several ways of estimating M. One
estimate is HF},J. Another is the maximum number in the
maximum capacities of all product tanks because a blender
can feed at most one product tank in a slot. The minimum
possible estimate should be used as M. In other words,

A@::nnn{ﬂfﬁﬂnmx(VPF)}.
ax| VP

If blender b is not idle during slot k, then Q,;, must be
limited by the maximum processing rate (F},J) of blender b

0<k<K (16)

Ope < FYJSLy 0<k<K (17a)

On the other hand, it must also respect the minimum proc-
essing rate (F}E) of blender b for each product, unless the
current run is ending during slot k. In other words,

O + FLH (vyox + xep) > FSLy 0<k<K (17b)

To compute the volume of product processed during a run
up to slot k, we define CQ,,; analogous to RL,, as follows:

Volume processed If blender b does not end

CQy = its run during slot &
0 Otherwise
CQu < CQp—1) + O  0<k<K (18)
CQu < FJH(1 —xep) 0<k<K (19)
446 DOI 10.1002/aic Published on behalf of the AIChE

P
CQpi1) + Ok + FRRLE (1 — xew) > Fy Y " RLp i
p=1

(b,p) €BP, 0<k<K (20)

Note that Eq. 17 allows the blending rate to vary from
slot to slot during a run. Normally, this is not done in prac-
tice. However, enforcing this makes the formulation nonlin-
ear and nonconvex. Therefore, we have decided to deal with
this issue later.

Product Quality

Clearly, each blend run must ensure product quality. Sev-
eral gasoline properties such as ON, Reid vapor pressure
(RVP), specific gravity (SG), sulfur (S), benzene (B), aro-
matics (A), olefin (O), residue (R), existent gum (EG), flam-
mability limit (FL), oxygenates (OX), phosphorous (PH),
oxidation stability (OS), copper corrosion (CC), silver corro-
sion (SC), initial boiling point (IBP), final boiling point
(FBP), manganese (Mg), etc. are used in practice. Many of
these properties (e.g. RVP) involve highly nonlinear mixing
rules. However, as noted by Li et al.,5 a linear blending
index usually exists and is used for almost every hydrocar-
bon property with nonlinear mixing correlations. These
blending indices are linearly additive on either volume or
weight basis. Table 1 lists several gasoline properties, indi-
ces, and their additive bases. Let 0,; be the known blending
index for a property s of component i, p; be the density of
component i, [0}, 0] be the desired limits on property s of
product p, and pax be the maximum possible density among
all products. Then, the following ensure the desired product
quality

Z qipiOis > thﬂm Mb{9 mm (9,,5) } (1 — xppt)

(b,p) EBP, 0<k<K (2la)

I
Z qinkOis < Qw0 + Mh{ml?x (9;/3) - HpUs}( — Xppk)
p

(b,p) €BP, 0<k<K (21b)

1 1
Z C]zbkﬂ; is Z (Z qibkP; ef;x
i=1 i=1
_Mh{ mln(%s }pmdx xbpk)
(b,p) € BP,
1 1
Z qivkpilis < (Z Clihkﬂi> 911;/5
=1 =1
+Mh{mpax (0;,/_;) - Ggy}pmax (1 - thk)

(b,p) € BP, 0<k<K (22b)
where, Eq. 21 is for volume-based indices, and Eq. 22 for

0<k<K (22a)

weight-based indices.
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Table 1. Gasoline Properties Corresponding Indices, and Correlations

Gasoline Property* Blending Index

Addition Basis

Index Correlation

Research Octane Number (RON) RBN
Reid Vapor pressure (RVP Bar) RVI
Specific-gravity (SG) DNI
Sulfur (S ppm) SULI
Benzene (B) BI
Aromatics (A) AROI
Olefin (O) OI
Residue (R) RI
Existent Gum (EG mg/100 ml) EGI
Flammability limit (FL) FLI
Oxygenates (OX) OXI
Phosphorous (PH g/gal) PHI
Oxidation Stability (OS minutes) OSI
Copper corrosion (CC) CCI
Silver Corrosion (SC) SCI
Initial boiling point (IBP°C) IBPI
Final boiling point (FBP°C) FBPI
Manganese (MG) MGI

Volume RON + 11.5 (0 < RON > 85)
Exp(0.0135 RON + 3.422042) (RON > 85)

Volume Exp(1.14 log (100 RVP))
Volume 1/SG
Weight Weighted average
Volume Volumetric average
Volume Volumetric average
Volume Volumetric average
Volume Volumetric average
Volume Volumetric average
Volume Volumetric average
Weight Weighted average
Volume Volumetric average

N/A N/A

N/A N/A

N/A N/A

N/A N/A

N/A N/A
Volume Volumetric average

*Index correlations from Singapore Petroleum Company (SPC).

Often, a practitioner may impose limits [r};, r,;] on the

volume fraction of component i in product p. In such a case,
we use

Ouirty — Mb{r,f,- - rnpin (",f,-) } (1= xipt) < gink < Qo

+ M,,{max (r[g) - ;;j} (1 - thk)

P
(b,p) €BP, 0<k<K (23a,b)

Order Delivery

We define JO = {(j, o) | product tank j can deliver order
o} and one binary variable (zj,) as follows:

1 If product tank j is delivering order o during slot k
Zi =
ok 0 Otherwise

(j,0) € JO,

0<j<J, 0<k<K

Since each order must be filled during the scheduling hori-
zon, there must be at least one delivery for each order

J K
3D Zw =1 (j,0)€JO (24)
j=1 k=1

A tank j cannot receive and deliver products simultane-
ously

(b,j) €BJ, (j,0) € JO,
0<j<J,

Vpjk + Zjok < 1

0<k<K (25

If tank j is delivering order o during slot k, then it must
be holding the product corresponding to that order in both
slots (k — 1) and k. This is true, because a tank cannot

AIChE Journal February 2010 Vol. 56, No. 2

receive and deliver at the same time, so it must be holding
the product in (k — 1), before it delivers in slot k

Zjok < ujpk(p7j) € PJ7 070) 6107

(0,p) €OP, 0<j<J, 0<k<K (26a)
Zjok < Ujp(e—1)(p,J) € PT,
(o) €JO,(0,p) €EOP, 0<j<J, 0<k<K (26b)

where, OP = {(o, p) | order o is for product p}. Recall that
each order has a single product.

If a product tank j switches products at the end of a slot
k, then its holdup must be zero. Thus, it cannot deliver any
order in (k + 1)

(j,0) €JO,

0<;j<J, 0<k<K

@7

Zjo(k+1) T uey <1

Let DQj,; be the volume of order o delivered by tank j
during slot k. If tank j is not delivering o during k, then the
delivery amount must be zero:

0<k<K
(28)

where, TQ, is the required amount for order o. In general,
depending on its pump/valve infrastructure, each tank will
have some limits on the delivery rates of orders. Let us assume
that the maximum possible delivery rate for an order o is DR;,
and the maximum cumulative rate for all orders is DR/U Then,
we have

DQjok < TQUZ./O/\' (j7 0) €Jo, 0<j<J,

DQ,x <DR,SLy (j,0) €JO, 0<j<J, 0<k<K

(29a)

> DQu <DR/SL, 0<j<J, 0<k<K (29b)
0€JO
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To ensure full delivery for each order, we use

K
> DQiy = TQ,

=1 k=1

(j,0) € JO (30)

L

0’

Recall that each order o has a delivery window (DD
DDVY). A tank j cannot begin delivering o before DDL:

T >DDizjye (j,0) €JO, 0<j<J, 0<k<K

(€29

U

0’

If an order is not fully delivered before DD_, then we

have a delivery delay given by
DQjox
dy > Tyo1 + 2=

o = Lk—1 + DR,

Jo

—DDY — H(1 — zjx)

(j,o)edJo, 0<j<J, 0<k<K (32
Recall that all orders are completed within the scheduling
horizon. Therefore, the delivery delay (d,) of order o must
have the upper bound of (H—DDY).
Note that we allowed order delivery to be intermittent
from a tank. As we mentioned for blending, we propose a

simple adjustment procedure later to correct this situation.

Inventory Balance

Let V. (Vf-“ < Vi < VIU) denote the inventory of compo-
nent i at the end of slot k£ and (V,-L <V < V}J) denote the in-
ventory of component i at the end of scheduling horizon.
Within any period, the feed rate (F;) of i from upstream
units is constant, so

B
Vie =Vig—1) + FiSLe = > que 0<k<K  (33a)

b=1

Vi=Vi+ F,(H — TK) (33b)

Similarly, for product tank j, we have

B 0
VP = VP + > Gpx— > DQiu
b=1 o=1

(o) €JO, 0<k<K (34

Transitions in Blenders

At the beginning, we know the amount of an order and its
product. Then, we can calculate the total amount of each
product needed. Having the initial amount of each product,
we then know whether the product is needed to process in
the blender or not. Let N denote the number of products that
are needed to process in blenders during the scheduling hori-
zon and N, as the number of blenders. Recall that we use
xep; as the product transition in blender b at the end of slot
k and xe,x is equal to one. We calculate the total minimum
transitions during the scheduling horizon as follows:

B K—1
Z Xep 2 N — N}, (35)
b=1 k=1
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Objective Function

For similar problems, Mendez et al.'? maximized total

profit, whereas Jia and Ierapetritou” minimized the makespan.
Neither considered the transition costs for blenders and prod-
uct tanks. For a given set of orders, we feel that minimizing
the total operating cost including material (component), de-
murrage, transition, and backorder costs is more meaningful
in practice. Assuming that the transition costs are product and
sequence-independent (this is reasonable as product qualities
are quite similar), our scheduling objective is

I B K B K-1
Minimize TC = Z Z Z ¢i Qik + Z CBy, xepi
i=1 b=1 k=1 b=1 k=1
J K-1 0
+ CTuej + » DM, d, (36)

Jj=1 k=1 o=1

where, c¢; is the price ($ per unit volume) of component i, CB,,
is the cost ($ per occurrence) of transition on blender b, CT; is
the cost ($ per occurrence) of transition in product tank j, and
DM, is the demurrage cost ($ per unit time) of order o.

This completes our single-period model (SPM) for sched-
uling blending operations, which comprises Eqs. 1-36. As
mentioned before, it allows the blending rate to vary from
slot to slot and order delivery to be discontinuous, which is
undesirable in practice. Therefore, we need a procedure to
adjust the solution from SPM to obtain a realistic schedule.

Schedule Adjustment

The optimal solution from SPM gives us the values of
Xppks Xepis Vjks SLiy RLpr, Opr and CQpr. We use [xpyrl,
[xeni]s [SLil, [RLyil, [Qpils [CQuil, and [viorl, respectively,
to denote the optimal values of xp,i, xepr, SLi, RLyp, Opr,
CQpr, and vy, obtained from SPM. Note that [RL,.] and
[CQul, respectively, may not be the correct length and vol-
ume of product processed by blender b when a run is in pro-
gress. Therefore, we compute the correct values for run
lengths (CRL,;) and volumes (CCQ,,;) as follows:

CRLy, = CCQy = 0 if [repd] = 1 (37a,b)
CRL,; = CRLb(k,l) + [SLk] if [Xebk} =0 (383.)
CCQyr = CCQp(s—1) + [Ont] if [xep] =0 (38b)

Then, we compute the total volume (TCQ,;) processed by
a blender in a run as
TCQy =0

if [xep] =0 (39a)

TCQu = CCQpi—1y + [Oni] if [xep] = 1 (39b)
Using the above parameters, we compute the blending rate

(Rpi) for each blending run at the slot where it ends

CCQp(—1) + (O]

Ry = max | FL —=—1J =7
bk < b CRLy(_1) + [SL4]

> for k with [xep] = 1
and [vyor] =0 (40)
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Then, we set R, for all slots within each run to be the
same as the one computed above. Thus, if a run spans slots
3-6 inclusive, then we set Ry, = R, for k = 3-5.

Now, to obtain a realistic schedule with the constant blend
rates computed above, we fiX Xxp,k, Xepk, and v,or. This allows
us to fix, remove, or change some variables and constraints
in SPM.

Equations 16-20 become

Ow =0 for (b,k) with [VhOk] =1 (41a)

Qhk = R},kSLk for (b, k) with [xehk] = [V};Ok} =0 (41b)

Opc < Ry SL;  for (b, k) with [xebk} =1 and [V};Ok} =0

(41c)
CQ,r =0 for (b, k) with [xep] = 1 (42a)
CQu = CQpi—1) + Qp  for (b, k) with [xep] = [vpor] = 0
(42b)
CQpi—1) + Qb > TCQp  for (b, k) with [xep] = 1
and [VbOk] =0 (420)

qukgz\ > Qhk9L Mb{BL - ITLIH(% )}(1 — [xom])
I
Z%bkeis < Oul, +Mh{ml?x (e,lfy) - Hﬁ[v} (1= [xopi])
i=1

- mpin(@lfj_) } Pona (1 —

I I
Z qivkp;iOis > (Z Qibkpi) Q,L,S - Mb{gfm
=1 =1

Fixing the values of X, Xep, and vyor, Egs. 2, 7-8, 21—
23, and 36 become

J
> vme=1—[wo] (bj)€B, 0<j<J, 0<k<K

(43)

[xhpk] > Ujpk +vbjk -1 (bvp) € BPa (b7j) € BJ7

(p.j))EP], 0<j<J, <k<K (44a)

0<j<J, 0<k<K (44b)

Wipk > [Xopk] + Vi — 1

(p,)) € PJ,

[Xopi] + va_/k <1 (b,p) € BP, (b,]) € BJ,

JgpPI
0<j<J, 0<k<K (45)
Z [xhpk] +vbjk < 1 (b7p) € BP’ (bv.]) € BJ:
péPJ
0<j<J, 0<k<K (45b)
for (b, k) with [vpox] =0, (b,p) € BP, 0<k<K (46a)
for (b, k) with [vsor] =0, (b,p) € BP, 0<k <K (46b)

[xppr])  for (b, k) with [vyer] =0, (b,p) EBP, 0 <k <K

(47a)

I I
Zqibkp,-ﬁis < (Z qihkpi) 0Y +Mb{max (GPUS) Hﬁjs}pmax(l - [thk]) for (b, k) with [vpe] =0, (b,p) €BP, 0 <k <K
=1 i1

(47D)

Ouirh; — Mb{",f,- - mpin (”,L,i) } (1= [oope]) < qink < Quryy + Mb{m[?-x (',l,j,) - ',l,],} (1= [xopi])

i=1 b=1 k=1

0
CTjuej +» DMy, (49)
j=1 k=1 o=1

The revised model (RSPM) comprises Egs. 1, 3-6, 15,
24-34, and 41-49, whose solution ensures that blending
campaigns have constant blend rates that are within the lim-
its on the blending rates and minimum run lengths at the
same time. Appendix C gives the proof.
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for (b, k) with [v] =0, (b,p) € BP, 0 <k <K (48a,b)

The schedule from RSPM may still show intermittent deliv-
ery of orders (Figure 3). In Figure 3, product tanks PT-101
and PT-102 deliver orders Ol and O2 intermittently. When
the delivery is over contiguous slots, then this can be easily
revised by simply delivering at a constant rate until the entire
order, which is distributed over contiguous slots, is fully
delivered. Figure 4 shows such a revised schedule for Figure
3, where deliveries of Ol and O2 are uninterrupted. Figure 5
shows the complete algorithm for the adjustment procedure.

The models and procedures discussed so far were for a
single period with constant feed rates to component tanks.
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PI-104 07 (45)
166
PT-103 04 (80) 04 (40) 06 (63) 06 (54)
60
PT-102 02 (50) 02(52) OS5 (100)
52.5 90 136
PI-101 01 (60) 01 (45) 03 (42) | O3(30)
20 55 113
Slot 1 2 3 4 5 6
40 77 98 116 151 185
0 8 16 24 32 40 48 56 64 72 80 88 90 104 112 120 128 136 144 152 160 168 176 184 192
Time (h)

Figure 3. An example schedule to illustrate intermittent delivery of orders O1 and 02 by PT-101 and PT-120,

respectively.

The extension of this to a multi-period scenario, where the
entire horizon can be divided into multiple periods of con-
stant feed rates, is straightforward as we see next.

Multi-Period Formulation (MPM)

Given the rate profiles of feeds into component tanks, we
divide the entire scheduling horizon into T periods (t = 1, 2,

..., T) of lengths H, such that the flow rates of components
are constant within each period and H = H, + H, + ... +
H,. Let F;; be the flow rate of component i in period . We
follow the approach used by Karimi and McDonald’ in their
second model (M2). Thus, we divide each period into several
slots of unknown lengths. Let TK = {(, k) | slot k is in period
t}. For this model, we first fix some T to be the period ends.
For instance, if periods 1, 2, and 3 have three slots each, then

PT-104 07(45)
166
PT-103 04(80) 04 (40) 06(63) | 06(54)
60
P1-102 02(102) 05(100)
65.5 136
PT-101 01(105) 03(42) | 03(30)
35 113
Slot 1 2 3 4 5 6
40 77 98 116 151 185
0 8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 128 136 144 152 160 168 176 184 192

Time (h)

Figure 4. The schedule of Figure 3 revised by our algorithm where PT-101 and PT-102 deliver O1 and O2 continuously.
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WesetT3:H1,T6:H1+H2,andT9:H1 +H2+H3
with the upper bound of T; being H. Clearly, Eq. 1 is also
effective for this model (MPM), whereas Eq. 33 becomes

i(k—1) +ZF”SLI< Zflzbk

i€TK

Vie =V, 0<k<K (50a)

Vi=Vik +Fir(H - Tk) (50b)

In addition, component properties may vary from period
to period. For instance, refinery may often generate slops of
lower quality, which can be used in blending. We assume
that the component properties are known and constant during
each period, but may vary with periods. Let 0,;, denote the

1 1
> qikpibiss > (Z flihkpn) O = Mp -
i i=1

1
Z GivkPiOist <
=1

Thus, MPM comprises Eqs. 1-20, 23-32, 34-36, and 50-52.

For RMPM, Egs. 4647 become

4

/
ZQithm > Qhkgﬁs - Mb{Hés -

=1

I
Z%‘bk@fst < Ouly, + M, max 9U

i

Z vk PirOis >
1

Z vk PirOiss <

i=1

Then RMPM comprises Egs. 1, 3-6, 15, 24-32, 34, 41—
45, 48-50, and 53-54.

Note that the optimal solution from SPM or MPM provides
a lower bound for this MINLP problem, because it allows
blending rate to vary from slot to slot in each run. Any feasi-
ble solution from RSPM or RMPM is an upper bound. If a
feasible solution from RSPM or RMPM is identical to the
optimal solution from SPM, then it must be globally optimal.

Next, we illustrate our solution approach in detail using a
very small example (Example 1) and then evaluate our solu-
tion approach using additional thirteen larger examples.

Example 1
This example involves five orders (O1-05), three grades
(products P1-P3), nine component tanks (CT-101 to CT-

AIChE Journal February 2010 Vol. 56, No. 2

{eL _mpin(eL)}

1
(Z ql»,,,(p,.,> 0+ M, - {max(eg) 0”} (1 —xpw)  (b,p) €BP,(t,k) eTK, 0 <k <K (52b)
i=1

(ZIT‘ qikan) s M,, - rr})m (OL ) }p?m
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known blending index for a property s of component i dur-
ing period 7, p;, be the density of component i during period
t, and p"™ be the maximum possible density among all
products during period 7. Then, Egs. 21-22 change to

I
;Qihkam > Qb/ﬁ,L“ My - {9L - mpm(@é)}(l — Xppr)

(b,p) € BP,(t,k) € TK, 0 < k <K (51a)
1
Z%‘bk@m < Qbkeps +M, - {mlﬂ(eU) - e,l;]\} (1 = i)
i=1
(b,p) € BP,(t,k) € TK, 0 < k <K (51b)
P (1 = X ) (b,p) EBP,(t,k) € TK, 0 <k <K (52a)

min (0,;) } (1= [xppe]) for(b, k) with [vsoc] = 0, (b,p) € BP, (,k) € TK, 0 < k <K (53a)

}(1 — [xup])  for(b, k) with [veoe] =0, (b,p) € BP, (1,k) € TK, 0 < k <K (53b)

(1= L]

for (b, k) with [vy] = 0, (b,p) € BP, (t,k) € TK, 0 <k <K

(54a)

1
(zq,-hkpn o+ man (1) 0o (1~ o)
i=1

for (b, k) with[vpor] =0, (b,p) € BP, (t,k) € TK, 0 <k <K

(54b)

109), one blender, five product tanks (PT-101 to PT-105),
and one product property (Octane number). Components
from atmospheric distillation, FCCU (Fluid Catalytic Crack-
ing Unit), FCRU (Fluid Catalytic Reforming Unit), AKU
(Alkanisation Unit), IFU (Isoforming Unit), CHU (Catalytic
Hydrogenation Unit), ARU (Aromatization Unit), and vari-
ous additives such as MTBE (Methyl Tert-Butyl Ether) and
Butane are stored in the nine component tanks. The blen-
der’s operating range is [2, 15 kbbl/h] with a minimum run
length of 6 h for each product. At time zero, the blender is
idle. PT-101, PT-102, and PT-103 can store P2 and P3,
whereas PT-104 and PT-105 can store P1 and P2. At time
zero, PT-101 holds 90.20 kbbl of P3, PT-102 is empty, PT-
103 holds 14.08 kbbl of P2, PT-104 holds 28.49 kbbl of P2,
and PT-105 holds 20.20 kbbl of P1. Tables 2-8 list other
data. The scheduling horizon is 72 h with constant flows
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Solve SPM or MPM

|

c omp ute xh/}k’ XEpy V/)jk’ SL ko

RL s Qpp and CQyy

|

Compute CRL,,and CCQ,,

]

Compute blend rate(R,,) for
each run

!

Fix x4, x€p, and vy,

l

Solve RSPM or RMPM

l

Correct intermittent delivery
of'orders

!

Final Schedule

End

Figure 5. Flowchart for the schedule adjustment proce-
dure.

into component tanks over that period, so our single-period
model is appropriate. We solve it on a Dell precision
PWS690 (Intel Xeon® 5160 with CPU 3 GHZ and 16 GB
mem(l)7ry) running Windows XP using CPLEX 10.0.1/GAMS
22.2.

The optimal solution (Figure 6) has a cost of 5149.73 k$.
The model needed 4 slots and 0.77 CPU s. P3 is not proc-
essed at all, because its initial inventory is sufficient to sat-
isfy all orders. The blender has two runs of 24 and 34.78 h
durations. The first run spans slot 1 and processes 23.43
kbbl of P2. The second run spans slots 2—4, and processes
22.05, 93.75, and 0.00 kbbl of P1, respectively. Thus, it
processes 23.43 kbbl of P2 in run 1 and 115.80 kbbl of P1
in run 2. These give us the following blending rates.

Ry, = max([23.43/24,2] = 2.0 kbbl/h

Ri2 = Ri3 = R4 = max[115.80/34.78, 2] = 3.329 kbbl /h

Using the above blend rates, we solve RSPM to obtain
the optimal solution of 5149.73 kbbl within 0.06 CPU s.
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Delivery Window

Delivery Rate (kbbl/h)

Amount (kbbl)

7-8

4-5

7-8

4-5

7-8

4-5

[48,72]
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Table 3. Order Data for Examples 10-14

Delivery Rate

Product Amount (kbbl) (kbbl/h) Delivery Window
The
o 12 Rest 10 11 12 13 14 10 11 12 13 14 10 11 12 13 14
o1 Pl Pl 0 10 10 10 10 5 5 5 5 5 [0,24] [0,24] [0,24] [0,24] [0,24]
02 P2 P2 3 3 3 3 33 3 3 3 3 [0,24] [0,24] [0,24] [0,24] [0,24]
03 P2 P2 3 3 3 3 3 3 3 3 3 3 [0,24] [0,24] [0,24] [0,24] [0,24]
04 Pl Pl 1 10 10 10 10 5 5 5 5 5 [0,24] [0,24] [0,24] [0,24] [0,24]
05 P2 P2 3 3 3 3 33 3 3 3 3 [24,48] [24,48] [24,48] [24,48] [24,48]
06 Pl Pl 1 10 10 10 10 5 5 5 5 5 [24,48] [24,48] [24,48] [24,48] [24,48]
o7 P2 P2 3 3 3 3 3 3 3 3 3 3 [24,48] [24,48] [24,48] [24,48] [24,48]
o8 Pl P1 100 100 100 100 100 5 5 5 5 5 [118,190] [118,190] [118,190] [118,190] [118,190]
09 P2 P2 3 3 3 3 33 3 3 3 3 [144,168] [144,168] [144,168] [144,168] [144,168]
010 P4 P4 150 150 100 150 150 5 5 5 5 5 [150.5,185.5] [150.5,185.5] [150.5,185.5] [150.5,185.5] [150.5,185.5]
o111 P3 P3 60 60 60 60 60 5 5 5 5 5 [144,168] [144,168] [144,168] [144,168] [144,168]
012 P2 P2 20 20 20 20 20 5 5 5 5 5 [24,48] [24,48] [24,48] [24,48] [24,48]
013 P4 P4 60 60 60 60 60 5 5 5 5 5 [0,56] [0,56] [0,56] [0,56] [0,56]
014 P3 P3 20 20 15 20 20 5 5 5 5 5 [48,72] [48,72] [48,72] [48,72] [48,72]
015 P2 P2 20 20 20 20 20 4 4 4 4 4 [0,72] [0,72] [0,72] [0,72] [0,72]
016 P2 P2 20 20 20 20 20 5 5 5 5 5 [48,72] [48,72] [48,72] [48,72] [48,72]
017 P1 Pl 0 10 10 10 10 5 5 5 5 5 [48,72] [48,72] [48,72] [48,72] [48,72]
018 P1 Pl 0 10 10 10 10 5 5 5 5 5 [48,72] [48,72] [48,72] [48,72] [48,72]
019 P2 P2 60 60 60 60 60 5 5 5 5 5 [0,50] [0,50] [0,50] [0,50] [0,50]
020 P2 P2 40 40 40 40 40 5 5 5 5 5 [144,168] [144,168] [144,168] [144,168] [144,168]
021 P5 Pl 30 30 30 30 30 5 5 5 5 5 [96,120] [96,120] [96,120] [96,120] [96,120]
022 P5 P5 40 40 40 40 40 5 5 5 5 5 [144,168] [144,168] [144,168] [144,168] [144,168]
023 P3 P3 20 20 20 20 20 5 5 5 5 5 [144,168] [144,168] [144,168] [144,168] [144,168]
024 P5 PS5 6 6 6 6 6 3 3 3 3 3 [96,120] [96,120] [96,120] [96,120] [96,120]
025 P5 P5 20 20 20 20 20 5 5 5 5 5 [144,168] [144,168] [144,168] [144,168] [144,168]
026 P3 Pl - 10 30 10 10 - 4 4 4 4 - [0,76] [144,168] [0,76] [0,76]
027 P3 P4 - 20 20 20 20 - 5 4 5 5 - [120,144] [72,96] [120,144] [120,144]
028 P4 Pl - 25 3 25 25 - 5 3 5 5 - [120,144] [72,96] [120,144] [120,144]
029 P4 P5 - 10 15 10 10 - 5 3 5 5 - [120,144] [96,120] [120,144] [120,144]
030 Pl P4 - 15 15 15 15 5 3 5 5 - [120,144] [96,120] [120,144] [120,144]
031 P2 Pl - - 15 15 15 - - 5 5 5 - - [96,120] [120,144] [120,144]
032 P5 Pl - - 20 20 20 - - 2 5 5 - - [96,120] [144,168] [144,168]
033 Pl P4 - - 20 20 20 - - 5 5 5 - - [0,76] [144,168] [144,168]
034 P3 P4 - - 20 20 20 - - 5 5 5 - - [120,144] [168,192] [168,192]
035 P3 P5 - - 3 3 3 - - 5 5 5 - - [120,144] [168,192] [168,192]
036 - P2 - - - 3 3 - - - 3 3 - - - [168,192] [168,192]
037 - Pl - - - 10 100 - - - 55 - - - [168,192] [168,192]
038 - Pl - - - 40 40 - - - 5 5 - - - [168,192] [168,192]
039 - P4 - - - 10 100 - - - 55 - - - [168,192] [168,192]
040 - PS5 - - - 10 10 - - 5 5 - - - [168,192] [168,192]
o041 - Pl - - - - 15 - - - -5 - - - - [168,192]
042 - P2 - - - - 20 - - - -3 - - - - [168,192]
043 - P3 - - - - 15 - - - -5 - - - - [144,168]
044 - PS5 - - - - 20 - - - - 4 - - - - [168,192]
045 - P4 - - - - 10 - - - -5 - - - - [96,120]

Figure 7 shows the optimal schedule from RSPM. Because
the solutions from RSPM and SPM have the same cost, we
have a guaranteed global optimal solution. Each order is
delivered before its due date, so no demurrage incurs in this
example. The blender has one product transition (P2-P1) af-
ter slot 1, and PT-104 transitions from P2 to P1 after slot 2.
PT-104 delivers O3 and OS5 simultaneously during slot 2, but
there are no intermittent deliveries. Thus, Figure 7 is a real-
istic optimal schedule for this example.

Now, we consider two periods of 40 and 32 h in the
scheduling horizon. Figure 8 shows the feed rate profiles to
component tanks. The feed rates to CT-101 through CT-109
in the first period are 1.2, 0.8, 1.2, 1.2, 0.5, 0.8, 0.0, 0.0, and
1.0 kbbl/h, respectively. In the second period, they are 0.8,
0.6, 0.6, 0.8, 0.5, 0.6, 0.5, 0.5, and 0.0 kbbl/h, respectively.
We use three slots for the first period and two slots for the
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Published on behalf of the AIChE

second. The optimal solution remains the same as 5149.73
k$, but the solution time increases to 12.6 CPU s due to the
presence of one more slot in MPM.

Detailed evaluation

Tables 2—-8 show the data for Examples 2—14 that we use
for a detailed evaluation of our methodology. We use nine
components, eleven product tanks, and 192-h (8-day) sched-
uling horizon. Examples 2—7 have one blender, Examples 8-
12 have two, and Examples 13 and 14 have three blenders.
We use 10-45 orders in these examples as shown in Tables
2-8. We have designed our test examples with widely vary-
ing structure, size, scale, and complexity, and they mimic
the real-life industrial scenarios very well. For all examples
except Example 5, all blenders are idle at time zero. In
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Example 5, the blender is processing P1 before time zero.

; S22 EREERERRSE Although we list several gasoline properties in Table 1, we
= -eTT - consider only nine of them in our examples. These are ON,
RVP, S, B, A, O, SG, FL, and OX. Our model can easily
g VNLAI222282282: § i § § § i § § § incorporate other gasoline properties. We EOIVG all examples
é on a Dell precision PWS690 (Intel Xeon™ CPU 3 GHz, 16
2 —leccsccceccc2R3828888 GB RAM) runmr}g Windows XP using solver CPLEX
S B R = = g 10.0.1/GAMS22.2.
= Tables 9 and 10 give the computational performance of
% 9‘ geegeeseese % i % % § i § § % SPM and MPM. Our procedure obtains guaranteed global
§ < optimal solutions for Examples 1-5, because both RSPM
o cccococoooo and SPM give the same solution. We were unable to get
E T|RSRSRSRER88R=Z=E322S3¢<S optimal solutions or prove their optimality for Example 6—
A 14, so we set upper limits on CPU times for these examples
Elo|nuuuuurrnauS83888%3888 as shown in Tables 9 and 10. For instance, we use 3 h
E e =oooo = (10,800 s) for SPM and 1 h (3600 s) for RSPM of Exam-
é cccococoooo ples 6-10. As we can see from Tables 9 and 10, solutions
LSS ESSESSERERESZSSE2SSS are typically obtained quite quickly, but proving optimality
takes much time. For instance, SPM gives a solution of
<+ .
- ~|wwwnn 1888888888 5213.88 k$ for Example 6 in just 59} CPU s, bl.lt spends
- == =S O~ the remaining 2.84 h to prove optimality. In fact, it fails to
8 prove optimality even after 3 days of CPU time.
= el ele "el'e) . .
£ il i B it Table 11 gives the RMIP values and best solutions from
g ey : LR :i ':i i i‘. :i N SPM for Examples 1-14. The best solutions, which are the
f N g:" &f & N g:' A A A A A better lower bounds than the RMIP values, do not improve
S much over time for Examples 7-14. For instance, SPM
f—-; L0L gives an RMIP and best solution of 7797.02 k$ for Exam-
= S LTI s o ple 7, but fails to prove optimality even after 3 h. Similarly,
oLl SStdddfsEET the RMIP value from SPM for Example 9 is 10,003.92 k$.
Z 2 LA A After 3 h, the best solution is 10,013.90 k$, which is an
5 2 improvement of just 0.10%. The lower bounds for SPM and
§_ o O MPM improve very slowly for large problems. This makes
g g : :,: ii ii i i‘. :i [ T T R I B A it difficult to solve them to optimality. A possible reason
&) = < N g &f LA R A A A A A for this increased complexity is the transitions in the prod-
£ uct tanks. They result in very low RMIP values, which are
s difficult to i To illustrate this point ider Exam-
- e e S S S ST ifficult to improve. To illustrate this point, consider Exam
5 i :, :, :, : :, : i‘l ii t, ii i‘i O ple 12 with 35 orders. This example allow§ some product
e A B AL AR AR, By AL Ay A tanks to hold one more product compared with other exam-
&~ - e ples. For instance, PT-105 can hold P2, P3, and P5 in
3 I R e e e T Example 12, whereas only two products in other examples.
= NENENENN This example needs 33 h of CPU time to obtain solutions
= with a relative gap of 8.55%. This suggests that examples
s I R R R SRERERSEEEERRS with dedicated product tanks should probably run much
_E:(\‘,——<~NN—<N—N—4—‘NMMMNNNNN faster
28 :
g . - .
5= cccco il lcoccocoooa RSPM improves the qualities of SPM solutions by 1.2%
—lE22=2s SEEEEEEEE on an average for Examples 9, 12, 13, and 14. For instance,

SPM gives 16,536.00 k$ for Example 13, whereas RSPM

< |= SSBE8IARELESLEIIIFARGER gives 16,146.52 k$. However, it does not do so for Exam-
g=| FCILERLLIZESLRaIES2RST ples 10 and 11. For instance, SPM gives 11,543.60 k$ for
= Example 10, but RSPM gives 11,629.09 k$.

27188828 KEIXARRILS Our observations from Table 10 are similar to those from
= KEIRKNTITTTIRIARS2RED Table 9. For illustration, we give the final schedules for

Examples 5 (15 orders) and 14 (45 orders) in Figures 9 and
10, respectively. The following features of these schedules
are noteworthy.

1) In Figure 9, although the blender has processed 150

2-14

Initial
Contain

—|EEERER 5003830 TI ~ N . .
kbbl of P1 at time zero for 10 h, it still continues with P1
for another 43.14 h during slot 1.
E egEgecssegE DS =EEes22=s 2) There is no demurrage in Figure 9. Figure 10 has de-
N O O NN L LR ; ; : : :
S ENENENENENENENENE NN N SR S SR e e R e s e & murrage. For instance, OS5 is delivered in slot 2, and incurs

a delay of 0.33 h compared with its due date of 48 h.
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Table 8. Periods Slots and Fee Flow Rates to Component Tanks for Examples 1-14

Feed Flow Rate to Component Tank (kbbl/h)

Period
Example  Period  Duration Slot CT-101 CcT-102  CT-103 CT-104 CT-105 CT-106 CT-107 CT-108 CT-109
1 1 40 1-3 1.2 0.8 1.2 1.2 0.5 0.8 0.0 0.0 1.0
2 32 4-5 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
2 1 60 12 1.2 0.8 1.2 1.2 0.5 0.8 0.0 0.0 1.0
2 132 3-5 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3-5 1 100 1-3 1.2 0.8 1.2 1.2 0.5 0.8 0.0 0.0 1.0
2 92 4-5 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
6 1 120 14 1.2 0.8 1.2 1.2 0.7 0.8 0.0 0.0 1.0
2 72 5-6 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
7 1 80 1-3 1.2 0.8 1.2 1.2 0.7 0.8 0.0 0.0 1.0
2 70 4-6 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 42 7-9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
8 1 80 1-3 1.2 0.8 1.2 1.2 0.5 0.8 0.0 0.0 1.0
2 70 4-6 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 42 7-8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
9 1 80 1-3 1.0 0.5 1.0 1.0 0.5 0.5 0.0 0.0 1.0
2 70 4-7 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 42 8-9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
10 1 80 1-3 1.0 0.5 1.0 1.0 0.8 0.5 0.0 0.0 1.0
2 60 4-7 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 52 8-10 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
11 1 80 14 1.0 0.5 1.0 1.0 0.7 0.5 0.0 0.0 1.0
2 60 5-9 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 52 10-14 0.5 0.5 0.5 0.5 0.5 0.5 0.0 0.0 0.5
12 1 50 1-5 1.0 0.5 1.0 1.0 0.8 0.5 0.0 0.0 1.0
2 50 6-0 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 50 11-14 0.5 0.5 0.5 0.5 0.5 0.5 0.0 0.0 0.5
4 42 15-17 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
13 1 50 1-5 1.0 0.5 1.0 1.0 0.7 0.5 0.5 0.5 1.0
2 50 6-0 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 50 11-15 0.5 0.5 0.5 0.5 0.5 0.5 0.0 0.0 0.5
4 42 16-18 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
14 1 50 1-5 1.0 0.5 1.0 1.0 0.7 0.5 0.5 0.5 1.0
2 50 6-10 0.8 0.6 0.6 0.8 0.5 0.6 0.5 0.5 0.0
3 50 11-14 0.5 0.5 0.5 0.5 0.5 0.5 0.0 0.0 0.5
4 42 15-17 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
CT-109 [p-101(1.76) [ m101278) B101(11.82)
B-101(28.13)
CT-108 IS
CT-107 poiws2) [ B-101(0.087) [5-101(0.37)
B-101(23.44)
CT-105 [p-101 (586 [ B101(551)
CT-102 [ mi0re2n [B101938)
B-101(20.63)
CT-101 |g-101 is.(,zi [ 5-101(485)
B-101 | r2(23.43) [ P1@2.05)  [P1(9375)]
PT-105 [o1 1 [ 51012205 [0460.00)]
B-101(23.43) B-101(93.75)
PI-104 [ o3ds9y ] 04 (93.75)
05 3)
02 (3) O3 (11.08)
Pr-103 [
24 338 40 58.8
Slot I I
0 4 8 12 16 20 24 28 32 36 40 48 52 56 60 64 68 72
Time (h)
Figure 6. Optimal schedule for Example 1 (5 orders) from SPM.
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CT-109 B-101(1.76) [ B-101(8.30) [ B-101(6.30) |
CT-108 B-101(7.03) [ B-101(19.75) I B-101(14.99) |
CT1-107 B-107(0.82) [ BT01(026) I B-101(020) ]
CT-105 B-101(5.86) [ B-T01 (16.46) [ B-101(12.49) ]
CT-102 B-101 (2.34) [ BI016.5%) [ BI01(5.00) 7]
CT-101 B-101(5.62) [ B-T0T (144%) I B101(10.99) ]
B-101 P2(2343) | P1(65.849) [ P1(49.96) |
PT-105 [oT(T]) | B-101(65.84) [ 04 (75.04) ]
PT-104 B-101(23.43) [ B-101(49.96) | 04 (49.96) |
T1.72
ODSB)
02(3) 03 (11.08)
PT-103 []
Slot I I I ]
x| 138 388 088
0 4 8 12 16 20 24 28 32 3 40 44 48 52 56 60 64 68 72
Time (h)

Figure 7. Optimal schedule for Example 1 (5 orders) from RSPM.
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Figure 8. Feed rate profiles of blend components from component tanks for Example 1.
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Table 9. Computational Performance of SPM

Discrete Continuous

Non-Zero  CPU Time for =~ CPU Time for  Cost from Cost from

Example  Order  Slot  Variables  Variables  Constraints Elements SPM (s) RSPM (s) SPM (k$) RSPM (k$)
1 5 4 100 269 1098 3094 0.77 0.06 5149.73 5149.73
2 10 4 252 598 2847 9037 48.3 0.28 3658.11 3658.11
3 12 4 315 633 3199 10074 177 0.14 3159.12 3159.12
4 15 4 372 723 3855 12871 641 3.50 4556.67 4556.67
5 15 4 372 723 3867 12891 215 0.53 4556.67 4556.67
6 18 5 576 950 5478 18068 591 0.31 5213.88 5213.88
7 20 6 775 1197 7175 23,454 10,800" 2.31 8100.35 8100.35
8 20 5 682 1164 7664 25,990 10,800 4.81 8100.35 8100.35
9 23 8 1251 1890 13,922 48,082 10,8007 3600" 10,803.23 10,750.49

10 25 9 1503 2209 16,492 56,490 10,8007 36007 11,543.60 11,629.09
11 30 12 2328 3216 24,755 83,253 36,000 4065 13,444.14 13,476.48
12 35 16 3846 4963 39,520 129,757 108,000 10,800" 15,053.85 15,016.66
13 40 17 4414 5966 51,775 171,916 108,000 lO,SOOT 16,536.00 16,146.52
14 45 16 4532 6077 52,785 173,176 108,000 10,800" 18,547.36 18,233.61

CPU time limit for SPM is set at 10,800 s for Examples 1-10, 36,000 s for Example 11, and 108,000 s for Examples 12—14.
CPU time limit for RSPM is set at 3600 s for Examples 1-10, and 10,800 s for Examples 11-14.

*The time when final solution is found, but termination at CPU time limit.

"Reached CPU time limit.
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Table 10. Computational Performance of MPM

Discrete Continuous Non-Zero CPU Time for CPU Time for Cost from Cost from
Example Order Variables Variables Constraints Elements MPM (s) RMPM (s) MPM (k$) RMPM (k$)
1 5 130 328 1384 3912 12.5 0.14 5149.73 5149.73
2 10 329 729 3600 11,423 137 0.16 3658.11 3658.11
3 12 411 769 4048 12,736 82.6 0.14 3179.12 3179.12
4 15 486 877 4880 16,255 495 0.16 4556.67 4556.67
5 15 486 877 4892 16,279 64.8 0.39 4556.67 4556.67
6 18 712 1114 6631 21,841 202% 0.37 5213.88 5213.88
7 20 1219 1725 10,922 35,585 IOSOOT 0.89 8100.35 8100.35
8 20 1159 1779 12,464 42,115 IOSOOT 33.6 8100.35 8114.85
9 23 1423 2107 15,708 54,201 IOSOOT 10.8 10613.65 10613.65
10 25 1867 2663 20,244 69,251 IOSOOT 36007 11432.21 11488.35
11 30 2328 3216 24,755 83,258 36000" 10800° 13347.63 13622.18
12 35 4099 5258 42,026 137,904 1080007 597 15374.24 15321.74
13 40 4686 6302 54,857 182,076 108000° 108007 16323.84 16653.07
14 45 4830 6439 56,127 184,066 1080007 256.3 18778.33 18781.78
Note: CPU time limit for MPM is set at 10800 s for Examples 1-10, 36000 s for Example 11, and 108000 s for Examples 12—14.
CPU time limit for RMPM is set at 3600 s for Examples 1-10 and 10800 s for Examples 11-14.
*The time when final solution is found, but termination at CPU time limit.
"Reached CPU time limit.
Table 11. RMIPs and Best Possible Solution for Example 1-14 from SPM
RMIP from Best Possible Cost from
Example SPM (k$) Solution from SPM (k$) Dev-1 (%) SPM (k$) Cost from RSPM (k$) Dev-2 (%)
1 4988.52 5149.73 3.23 5149.73 5149.73 0.00
2 3570.65 3658.11 245 3658.11 3658.11 0.00
3 3105.08 3159.12 1.74 3159.12 3159.12 0.00
4 4501.78 4556.67 1.22 4556.67 4556.67 0.00
5 4501.78 4556.67 1.22 4556.67 4556.67 0.00
6 4407.80 5125.99 16.29 5213.88 5213.88 1.69
7 7797.02 7797.02 0.00 8100.35 8100.35 3.74
8 7777.02 7777.02 0.00 8100.35 8100.35 3.99
9 10,003.92 10,013.90 0.10 10,803.23 10,750.49 6.85
10 10,608.50 10,616.19 0.07 11,543.60 11,629.09 8.71
11 12,472.99 12,486.17 0.11 13,444.14 13,476.48 7.35
12 13,731.95 13,732.02 0.00 15,053.85 15,016.66 8.55
13 14,682.32 14,695.91 0.09 16,536.00 16,146.52 8.98
14 16,583.22 16,586.76 0.02 18,547.36 18,233.61 9.03
Dev-1: The relative gap between columns 2 and 3.
Dev-2: The relative gap between columns 3 and 6.
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Figure 9. Optimal schedule for Example 5 (15 orders) from RMPM.
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Figure 10. (a) Order delivery schedule for PT-101 to PT-105, and PT-107 for Example 14 (45 orders) from RSPM.
(b) Order delivery schedule for PT-106 and PT-108 to PT-111 for Example 14 (45 orders) from RSPM.
(c) Blending schedule for Example 14 (45 orders) from RSPM.

3) Some tanks deliver multiple orders simultaneously in 4) Multiple product tanks deliver a single order simulta-
Figures 9 and 10. For instance, PT-105 delivers 02, O3, and neously in Figures 9 and 10. For instance, PT-108 and PT-
O15 during slot 1 in Figure 9, and PT-106 delivers O2, O3, 110 deliver O8 during slot 5 in Figure 9, and PT-103 and
015, and O19 during slot 1 in Figure 10b. PT-105 deliver O19 during slot 2 in Figure 10a.
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Figure 10. (Continued)

5) Multiple blenders (B-102 and B-103) process the same
product (P2) simultaneously during slot 1 in Figure 10c.
They again process P4 during slot 2.

MINLP Formulation

Recall that forcing the blending rate to be constant during
a run makes the formulation nonlinear and nonconvex. Our
adjustment procedure obviated the need to solve MINLPs.
To show the effectiveness of our procedure, we used
DICOPT/GAMS'” and BARON/GAMS'’ to solve the non-
linear, nonconvex formulations derived as follows.

We define variable Fy; (Fy < Fj; < F}) as the blending
rate of blender b during slot k£ and impose the following con-
straints to maintain a single blending rate for each run

Opr < FpiSLy 0<k<K (55a)

Opi > FuSLi — My(vpor + xepr) 0<k<K (55b)
Fyiny = Fo — Fixewe  0<k <K (56a)
Fprt) < Foe + Fjlxep 0<k<K (56b)

We replace Eq. 17 by Egs. 55-56 in SPM and MPM to
get MINLP-SPM and MINLP-MPM. For a fair comparison,
we allow the same CPU time for DICOPT/GAMS'’ and
BARON/GAMS,'” as we did for our algorithm. For Exam-
ples 6-14, we had set the time limits for SPM/MPM and
RSPM/RMPM. We also set the same limits for the MIPs of
DICOPT/GAMS'” as shown in Tables 12 and 13.
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Tables 12 and 13 show the solution statistics for Examples
1-14. For Example 1, our procedure needs only 0.83 CPU s
for the optimal solution of 5149.73 k$, but DICOPT/
GAMS'"” needs 4.8 CPU s. BARON/GAMS'” obtains a sub-
optimal solution of 5169.73 k$ after 14,400 CPU s. For
Example 2, our procedure obtains the optimal solution of
3658.11 k$ within 48.6 CPU s, but BARON/GAMS'” needs
14,400 CPU s. DICOPT/GAMS'” gets a worse solution of
4169.81 k$ in 151 CPU s. For Examples 3-5, DICOPT/
GAMS'” does get the optimal solutions, but requires an
order of magnitude longer solution times compared with our
algorithm. For instance, it takes 3636 s for Example 4 vs.
only 645 CPU s for our algorithm. Interestingly, BARON/
GAMS'” also reaches the optimal solution for Example 3,
but needs 14,400 s. For the remaining examples (Examples
6-14), our approach always obtains better solutions than
both DICOPT/GAMS'’ and BARON/GAMS'” within the
allocated CPU times. For instance, our approach finds a so-
Iution of 8100.35 k$ for Example 8, whereas DICOPT/
GAMS'” obtains 13,447.99 k$, and BARON/GAMS'" gets
9941.99 k$. Similarly, our approach obtains a solution of
13,476.48 k$ for Example 11, whereas BARON/GAMS'’
and DICOPT/GAMS'’ cannot obtain a feasible solution.

Conclusion

We developed a slot-based continuous-time model for
integrated scheduling of gasoline blending operations in a re-
finery. The model incorporates many real-life operating fea-
tures and policies such as multiple parallel nonidentical blen-
ders, piecewise constant component input flows and

DOI 10.1002/aic 461



Table 12. Solution Statistics of Various Algorithm/Code for SPM for Example 1-14

Example Order Algorithm Discrete Variables Continuous Variables Constraints Total CPU Time (s) Cost (k$)
1 5 DICOPT 100 274 1105 4.8 5149.73
BARON 100 274 1105 14,400* 5169.73
Ours 100 269 1098 0.83 5149.73
2 10 DICOPT 252 603 2854 151 4169.81
BARON 252 603 2854 14,400* 3658.11
Ours 252 598 2847 48.6 3658.11
3 12 DICOPT 315 638 3206 1020 3159.12
BARON 315 638 3206 14,400* 3159.12
Ours 315 633 3199 178 3159.12
4 15 DICOPT 372 728 3862 3636 4556.67
BARON 372 728 3862 14,400* 6182.57
Ours 372 723 3855 645 4556.67
5 15 DICOPT 372 728 3874 927 4556.67
BARON 372 728 3874 14,400* 4821.55
Ours 372 723 3867 216 4556.67
6 18 DICOPT 576 956 5487 14,400* 6364.90
BARON 576 956 5487 14,400* 6380.21
Ours 576 950 5478 10,801 5213.88
7 20 DICOPT 775 1204 7186 14,400* 8100.35
BARON 775 1204 7186 14,400* 9648.97
Ours 775 1197 7175 10,803 8100.35
8 20 DICOPT 682 1076 7682 14,400* 13,447.99
BARON 682 1076 7682 14,400* 9941.99
Ours 682 1164 7664 10,805 8100.35
9 23 DICOPT 1251 1908 13,952 14,400* N/A
BARON 1251 1908 13,952 14,400* N/A
Ours 1251 1890 13,922 14,400* 10,750.49
10 25 DICOPT 1503 2229 16,526 14,400* 15,614.97
BARON 1503 2229 16,526 14,400* N/A
Ours 1503 2209 16,492 14,400* 11,629.09
11 30 DICOPT 2328 3242 24,801 46,800%* N/A
BARON 2328 3242 24,801 46,800%* N/A
Ours 2328 3216 24,755 40,065 13,476.48
12 35 DICOPT 3846 4997 39,582 118,800%* N/A
BARON 3846 4997 39,582 118,800%* N/A
Ours 3846 4963 39,520 118,800%* 15,016.66
13 40 DICOPT 4414 6020 51,874 118,800%* 27,662.61
BARON 4414 6020 51,874 118,800%* N/A
Ours 4414 5966 51,775 118,800%* 16,46.52
14 45 DICOPT 4532 6128 52,878 118,800%* 24,601.27
BARON 4532 6128 52,878 118,800* N/A
Ours 4532 6077 52,785 118,800* 18,233.61

CPU time limit for MIP of DICOPT is set at 10800 s for Example 1-10, 36000 s for Example 11, and 108000 s for Examples 12—-14.

CPU time limit for SPM of ours is set at 10800 s for Examples 1-10, 36000 s for Example 11, and 108000 s for Examples 12—-14.

CPU time limit for RSPM of ours is set at 3600 s for Examples 1-10, and 10800 s for Examples 11-14.

Total CPU time limit of DICOPT, BARON, and ours is set at 14,400 s for Examples 1-10, 46800 s for Example 11, and 118800 s for Examples 12—-14.

*Reached total CUP time limit.

qualities, multi-product orders with multiple delivery dates,
multi-purpose product tanks, minimum lengths for blending
runs, constant blending rate in a run, common transfer poli-
cies, blending and storage transitions, etc. Although the
problem is inherently nonconvex and nonlinear, we proposed
an ingenious schedule adjustment procedure that requires
only MILP solutions. On 14 test problems of varying sizes
and features, our proposed procedure obtained the same or
better solutions than commercial solvers such as DICOPT/
GAMS'” and BARON/GAMS."” Furthermore, it needed an
order of magnitude shorter solution times than DICOPT/
GAMS'” and BARON/GAMS.!” In addition, our model can
easily be simplified for assumptions such as identical blen-
ders, one blender per product at a time, etc, which are com-
mon in existing work. Much further work is needed, as our
model still cannot optimally solve truly large problems
involving more than 30 orders within reasonable time.
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Notation
Sets

BJ = set of pairs (blender b, product tank j) such that blender b can
feed product tank j

BP = set of (b, p) pairs such that blender b can process product p

JO = set of pair (product tank j, order o) such that tank j can
deliver order o

OP = set of pair (order o, product p) such that order o is for product

p

PJ = set of pairs (product p, product tank j) such that tank j can
hold product p

TK = set of pair (slot &, period f) such that slot £ is in period ¢

February 2010 Vol. 56, No. 2 AIChE Journal



Table 13. Solution Statistics of Various Algorithms/codes for MPM for Examples 1-14

Example Order Algorithm Discrete Variables Continuous Variables Constraints Total CPU Time (s) Cost (k$)

1 5 DICOPT 130 334 1393 78.7 5149.73

BARON 130 334 1393 14400%* 5149.73

Ours 130 328 1384 12.6 5149.73

2 10 DICOPT 329 735 3609 798 3658.11

BARON 329 735 3609 14400* 3678.11

Ours 329 729 3600 137 3658.11

3 12 DICOPT 411 775 4057 531 3179.12

BARON 411 775 4057 14400%* 3179.12

Ours 411 769 4048 82.7 3179.12

4 15 DICOPT 486 883 4889 3173 4556.67

BARON 486 883 4889 14400* 4881.28

Ours 486 877 4880 495 4556.67

5 15 DICOPT 486 883 4901 571 4567.19
BARON 486 883 4901 14400* N/A

Ours 486 877 4892 65.2 4556.67

6 18 DICOPT 712 1121 6642 14400%* 5704.93

BARON 712 1121 6642 14400* 5516.98

Ours 712 1114 6631 10801 5213.88

7 20 DICOPT 1219 1735 10939 14400* 8191.39
BARON 1219 1735 11155 14400* N/A

Ours 1219 1725 10922 10801 8100.35

8 20 DICOPT 1159 1797 12494 14400%* 11446.89

BARON 1159 1797 12494 14400* 10156.62

Ours 1159 1779 12464 10834 8114.85
9 23 DICOPT 1423 2127 15742 14400* N/A
BARON 1423 2127 15742 14400* N/A

Ours 1423 2107 15708 10811 10613.65
10 25 DICOPT 1867 2687 20286 14400* N/A

BARON 1867 2687 20286 14400* 13473.86

Ours 1867 2663 20244 14400%* 11488.35
11 30 DICOPT 2328 3242 25521 46800%* N/A
BARON 2328 3242 25521 46800%* N/A

Ours 2328 3216 24755 46800* 13622.18

12 35 DICOPT 4099 5294 42092 118800* 16618.59
BARON 4099 5294 42092 118800* N/A

Ours 4099 5258 42026 108597 15321.74
13 40 DICOPT 4685 6359 54962 118800* N/A
BARON 4685 6359 54962 118800* N/A

Ours 4686 6302 54857 118800* 16653.07

14 45 DICOPT 4830 7493 56226 118800* 24634.40
BARON 4830 7493 56226 118800* N/A

Ours 4830 6439 56127 108256 18781.78

CPU time limit for MIP of DICOPT is set at 10,800 s for Examples 1-10, 36,000 s for Example 11, and 108,000 s for Examples 12—14.
CPU time limit for MPM of ours is set at 10,800 s for Examples 1-10, 36,000 s for Example 11, and 108,000 s for Examples 12—14.

CPU time limit for RMPM of ours is set at 3600 s for Examples 1-0 and 10,800 s for Examples 11-14.
Total CPU time limit of DICOPT, BARON, and ours is set at 14,400 s for Examples 1-10, 46,800 s for Example 11 and 118,800 s for Examples 12-14.
*Reached total CPU time limit.

i = blend component and its dedicated tank

s = gasoline property specification

Subscripts

b = blender

J = product tank

k = slot

0 = order

p = product

t = period
Superscripts

L = lower limit
U = upper limit

Parameters

Ci
CBh

CCQue
CRL

price ($ per unit volume) of component i
cost ($ per occurrence) of a transition on blender b

corrected volume processed by blender b during slot &
corrected run length of blender b at the end of slot &

AIChE Journal

February 2010 Vol. 56, No. 2

TCQux

TQ,

cost ($ per occurrence) of a transition in product tank j
earliest delivery time of order o

due date of order o

demurrage ($ per unit time) for order o
delivery rate of product tank j to order o
maximum cumulative delivery rate of product tank j
limits on the processing rate of blender b
constant feed rate of component 7 into its tank
constant feed rate of component 7 to its tank during period ¢

scheduling horizon

most volume that blender b can process during a slot
the number of products that are needed to process in blenders

the number of blenders

limits on the fraction of component i in product p

rate of blender b in slot k

maximum of the minimum blend run lengths for blender »
minimum run length of blender b for product p
time zero or the time at which slot 1 starts

total volume processed by blender b during the current run at

the end of slot k
amount of order o
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VMUY = limits on the holdup in component tank i
VPY = capacity of product tank j

H{J: = limits on the index for property s of product p

(5:-3. = blend index of property s of component i
05, = blend index for a property s of component i during period ¢
= maximum density among all products

p; = density of component i
M = maximum possible density among all products during period ¢
pir = density of component i/ during period ¢

Binary variables

;. = 1, if product p is stored in product tank p during slot &
vpix = 1, if blender b feeds product tank j (0 < j < J) during slot k
Zjor = 1, if product tank j is delivering order o during slot k

0-1 Continuous variables

uej; = 1 If product tank j switches products at the end of slot k
vpor = 1 If blender b is idle during slot k

Xppi = 1 1f blender b produces product p during slot k

xep = 1 If blender b ends its current run for a product during slot &

Continuous variables

CQp; = volume processed by blender b during the current run, if the
run does not end during slot &
d, = demurrage ($) for order o
DQjor = volume of order o delivered by product tank j during slot &
Fy = rate of blender b during slot k
Gpji = volume that blender b feeds product tank j during slot k
qipk = volume of component i used by blender b during slot &
Qpr = volume processed in blender b during slot k
RL,; = length of the current run of blender b at the end of slot k
SL; = length of slot &
T, = time at which slot k£ ends
TC = total operating cost ($)
Vir = inventory in component tank 7 at the end of slot k
VP;. = inventory in product tank j at the end of slot k
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Appendix A

The model of Jia and Ierapetritou® has two basic problems.

First, the model is infeasible as shown below. Equations
16a, 11a, and 11b (denoted as JI-16a, JI-11a, etc. here) from
their model are

> Bind, > 6Bflow VseS, neN (JI-16a)
jel
SVgin < Xvg, < stsjn VseS, néeN (JI-11a)
Jels
Vs€S, neN (JI-11b)

D v, <1
s

Because Bflow is a positive blend rate, product s is being
produced and must be transferred from the blender to at least
one product tank j at event point n. Therefore, there must be
at least one j such that
neN (Al)

svgn > 1 Vs eS,

where svg, = 1, if product s is produced and transferred to
tank j at event point 7.
From Egs. A.1 and JI-11a, we get xvy, = 1. Hence,

> wu=N VseS, neN (A2)

where, N is the number of products that are needed to pro-
cess in blenders in the problem. Since N > 1 for most prob-
lems, ZS Xxvg, > 1, and that contradicts Eq. (JI-11b).

Second, it allows a tank to hold multiple products at a
time, as shown below. They used the following (Eq. 2 in
their article) to force the inventory of product s in tank j to
be zero, if j does not hold s at event point n

VI yin < Psty, + Blndg,

< V}“a"ysj,, VseS, jeJ, neN (JI-2)
where, yy, = 1, if j holds s at event point n. Note that Eq.
JI-2 cannot guarantee that j holds at most one product at an
event point.
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Appendix B

We prove that Egs. 2, 4, 7, and 9 make x;,, binary. Recall
that a blender b is either idle or feeding a product tank at
any time.

1. If b is idle during slot k, then vyo, = 1 and x,,, = 0
for (b, p) € BP from Eq. 9.

2. If b is not idle during k, then vyor = 0 and vy = 1 for
one j with (b, j) € BJ and v,y = 0 for j/ # j from Eq. 2. If
product tank j holds a product p during slot &, then u;,; = Xp,x
=1 from Eq. 7. Equation 9 then forces x;,, = 0 for p’ # p.

Appendix C

We prove that our adjustment procedure ensures that con-
stant blend rate satisfies the limits on the blending rates and
the minimum run length at the same time. From Egs. 16 and
17, we get 0 < Oy < F},J SL,. Then, using Eqgs. 37 and 38,
we have 0 < CCQy, < FE CRL,,; for k with xe;; = 0, and 0
CCQ;,(](,I) + Qhk < F},J [CRL;,(](,I) -+ SLk] for k with Xepi
1. In other words,

A

CCQp(r—1) + Ok U
0<—————<F, forxey;=1 Cl
= CRLyg_y) 1L, =1 bk (ChH

The above along with Eq. 40 ensures F& < R, < F} for
xep, = 1 and vy = 0. Thus, the optimal solution from
RSPM will satisfy the blend rate limits.

For xe,, = 1, we get the following from Egs. 20 and 39.

P
TCQy > Fyy Y RLy Xy

p=1

forxeye =1, (b,p) EBP,0<k<K (C2)

L~ CCQpu—1)+0h
If Fyy > CRLy 1) +SLy ?

Ry = F}y from Eq. 40, and

for k with xe,; = 1 and vy, = 0, then

TCQy  TCQu _ e~y 1
———=—=—2> RL, x
Ry Fy, ,,; e

for xepr = 1,(b,p) € BP, 0 <k <K (C3)

which means that the run length exceeds the minimum.

If Fi < SO F0k 1 1 with xepr = 1 and vy, = 0, then

= CRLy ) +SL,
_ CCQpui—1)+0nk
Ry = CRLy1)+5L¢° and

TCQu  CCQpi—1) + Onk

Rk - CCQp—1) +Oi
CRL 1) +SLx

for xepe = 1,(b,p) € BP, 0 <k <K (C4)

= CRLb(k_1> + SL;

From Egs. 12-14, 37, and 38, we know that CRL,, satis-
fies Eq. 14, and hence,

»
CRLy(1) + SLi > > RLp Xop
p=1
fOI')Cebk = l,(b,p) S BP, 0<k <K (CS)

Equations C4 and C5 show that the run length exceeds the
minimum for this case too.
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